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Abstract We consider a Lagrangian system on a fiber bundle and its gauge transformations 
depending on derivatives of dynamic variables and gauge parameters of arbitrary order. We say 
that gauge transformations form an algebra if they generate a nilpotent BRST operator. 

1 Introduction 

In a general setting, one can say that a family of gauge transformations depending on pa- 
rameters is an algebra if the Lie bracket of arbitrary two gauge transformations depending 
on different parameter functions is again a gauge transformation depending on some pa- 
rameter function. The goal is to formulate this condition in strict mathematical terms. 
For instance, gauge transformations in gauge theory on a principal bundle form a finite- 
dimensional real (or complex) Lie algebra. Gauge transformations of a certain class of field 
theories constitute sh-Lie algebras [4]. It may happen that gauge transformations are not 
assembled into an algebra or form an algebra on-shell [6]. 

We consider a Lagrangian system on a smooth fiber bundle F — > X subject to gauge 
transformations depending both on derivatives of dynamic variables of arbitrary order and 
a finite family of gauge parameters and their derivatives of arbitrary order. 

Let J^Y, r = 1, . . ., be finite order jet manifolds of sections oi Y —y X. In the sequel, 
the index r = stands for Y. Given bundle coordinates {x^,y^) on Y, jet manifolds J^Y 
are endowed with the adapted coordinates {x^, y\ y\), where A = (Afc...Ai), /c = 1, . . . , r, is 
a symmetric multi-index. We use the notation A + A = (AAfe...Ai) and 

dx = dx+J2y\+Adt dA = dx^o...od,,. (1) 

0<|A| 

In order to describe gauge transformations depending on parameters, let us consider 
Lagrangian formalism on the bundle product 

E = YxV, (2) 

where V ^ X is a vector bundle whose sections are gauge parameter functions [2]. Let 
V X he coordinated by (x^,^''). Then gauge transformations are represented by a 
differential operator 

v= vl:\x\y\,)CA (3) 

0<|A|<m, 



on E (2) which is hnear on V and takes its values into the vertical tangent bundle VY of 
Y ^ X. Given a section ^{x) of V ^ X, the pull-back 

^*y= Y: v]:\x\y\,)d^C{x)di (4) 

0<|A|<?Tt 

of V (3) onto y is a gauge transformation depending on a parameter function ^{x). 

By means of a replacement of even gauge parameters ^'^ and their jets with the odd 
ghosts and their jets c^, the operator (3) defines a graded derivation 

vl:\x\y\,)cld, (5) 

0<|A|<m 

of the algebra of the original even fields and odd ghosts. Its extension 

Vi^'^cldi + U'dr (6) 

0<|A|<m 

to ghosts is called the BRST transformation if it is nilpotent. 

We say that gauge transformations (4) make up an algebra if they generate a BRST 
transformation (6). One can think of the nilpotency conditions (36) - (37) as being the 
generalized commutation relations and Jacobi identity, respectively. This definition is es- 
pecially convenient for BRST theory and BV quantization [1]. 



2 Gauge systems on fiber bundles 

In Lagrangian formalism on a fiber bundle Y ^ X, Lagrangians and their Euler-Lagrange 
operators are represented by elements of the following graded differential algebra (hence- 
forth GDA). 

With the inverse system of jet manifolds 

X^Y^J^Yi r-^Y^MrY< , (7) 

one has the direct system 

o*x ^ o*Y ^ oiY — o;_^Y "-H* o;y — >■■■ (8) 

of GDAs 0*Y of exterior forms on jet manifolds J^Y with respect to the pull-back monomor- 
phisms 7r^_i*. Its direct fimit is a GDA consisting of all exterior forms on finite order 

jet manifolds modulo the pull-back identification. 

The projective fimit ( J°°Y, tt^ : J°°Y — > J'^Y) of the inverse system (7) is a Prechet 
manifold. A bundle atlas {{Uy; x^, y')} of y — > X yields the coordinate atlas 

{{{^o)-\Uy)-,x\yl)}, y\^^ = ^,d,y'l, < |A|, (9) 
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of J°°y, where are the total derivatives (1). Then 0*^Y can be written in a coordinate 
form where the horizontal one-forms {dx^} and the contact one-forms {6\ = dy\—y\_^j^dx^} 
are generating elements of the C^[/y-algebra O^Uy- 

There is the canonical decomposition O'^Y — ®O^Y of O'^Y into O^F-modules 
O^Y of /c-contact and m-horizontal forms together with the corresponding projectors 
hk : 0*^Y 0^*Y and h"" : 0*^Y 0*^Y . Accordingly, the exterior differential on 
is spht into the sum d — du ^ dy oi the nilpotent total and vertical differentials 



dH{4>) = dx^ Ndx{4>), dv{4>) = d\Ndf4>, 4>^0*^Y. 
Any finite order Lagrangian 

L^Cuj: J' Y A T*X, a; = A ■ • • A dx'\ n = dim X, (10) 
is an element of O'^Y, while 

6L = Sie' Auj= ^ (-l)l^l(iA(af A a; e (11) 

0<|A| 

is its Euler-Lagrange operator taking values into the vector bundle 

T*Y A(A T*X) = V*Y ® A T*X. (12) 

A Lagrangian system on a fiber bundle y — X is said to be a gauge theory if its 
Lagrangian L admits a family of variational symmetries parameterized by elements of a 
vector bundle V ^ X and its jet manifolds as follows. 

Let Wl,Y be the Cj^F-modulc of derivations of the M-ring O^^Y. Any 'd G dO^^Y 
yields the graded derivation (the interior product) of the GDA O^^Y given by the 
relations 

m-m, f^oiY, 

^ (0 A a) = (^J0) A a + (-1)1^10 A (^Ja), 0, <7 G O^^Y, 

and its derivation (the Lie derivative) 

U4>^'&\d(t> + d{'d\(t>), 4>eOl,Y, (13) 
L^(0 A 0') = L^(0) A (/)' + A L^(0')- 



Relative to an atlas (9), a derivation 'd e tfO^ reads 



^ = i?^9a + + ^ <af , (14) 

|A|>0 
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where {dx, df"} is the dual to the basis {dx^, dy)^} with respect to the interior product J [5]. 

A derivation 'd is called contact if the Lie derivative (13) preserves the contact ideal 
of the GDA Ol^Y generated by contact forms. A derivation v (14) is contact iff 

= dA(^^ - yl^n + vUa^^, < |A|. (15) 
Any contact derivation admits the horizontal splitting 

^^^jj + ^y^ i?Va + {v% + J2 dAv'df) , v'^^'- yi^^. (16) 

0<|A| 

Its vertical part -dy is completely determined by the first summand 

v^v\x\yi)di, 0<|A|<A;. (17) 
This is a section of the pull-back VY x J'^Y — > J'^Y, i.e., a /c-order FF-valued differential 

Y 

operator on Y. One calls v (17) a generalized vector field on Y. 

Proposition 1. The Lie derivative of a Lagrangian L (10) along a contact derivation d (16) 
fulfills the first variational formula 

UL = v\5L + dHiKm-^L)) + Cdv{^H\uj), (18) 

where S/^ is a Lepagean equivalent of L [5] 

A contact derivation d (16) is called variational if the Lie derivative (18) is (i//-exact, 
i.e., L^L = dnCT-, c G 0^^~^. A glance at the expression (18) shows that: (i) d (16) is 
variational only if it is projected onto X; (ii) 'd is variational iff its vertical part is well; 
(iii) it is variational iff v\5L is di^-exact. 

By virtue of item (ii), we can restrict our consideration to vertical contact derivations 
d = "dy A generalized vector field v (17) is called a variational symmetry of a Lagrangian 
L if it generates a variational contact derivation. 

Turn now to the notion of a gauge symmetry [2]. Let us consider the bundle product 
E (2) coordinated by {x^,y^,^^'). Given a Lagrangian L on Y, let us consider its pull-back, 
say again L, onto E. Let i^e be a contact derivation of the M-ring O^E, whose restriction 

^^^e\oo^y^ E dAv'd^ (19) 

0<|A| 

to O^Y C O^E is linear in coordinates ^S. It is determined by a generahzed vector field 
ve on E whose projection 

v: J'^E^VE ^ E xVY 

Y 
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is a linear Ky-valued differential operator v (3) on E. Let be a variational symmetry 
of a Lagrangian L on E, i.e., 

ve\5L = v\5L = dna. (20) 

Then one says that v (3) is a gauge symmetry of a Lagrangian L. 

Note that any differential operator v (3) defines a generalized vector field ve = v on E 
which hves in VY and, consequently, generates a contact derivation -^e — (19). 

3 Graded Lagrangian systems 

In order to introduce a BRST operator, let us consider Lagrangian systems of even and odd 
variables. We describe odd variables and their jets on a smooth manifold X as generating 
elements of the structure ring of a graded manifold whose body is X [5, 8]. This definition 
reproduces the heuristic notion of jets of ghosts in the field-antifield BRST theory [1, 3]. 

Recall that any graded manifold (21, X) with a body X is isomorphic to the one whose 
structure sheaf SIq is formed by germs of sections of the exterior product 

AQ* ^R®Q*®AQ* (£)■■■ , (21) 

XX X 

where Q* is the dual of some real vector bundle Q ^ X of fiber dimension m. In field 
models, a vector bundle Q is usually given from the beginning. Therefore, we consider 
graded manifolds (X, Stg) where the above mentioned isomorphism holds, and call (X, Stg) 
the simple graded manifold constructed from Q. The structure ring Aq of sections of 
21q consists of sections of the exterior bundle (21) called graded functions. Given bundle 
coordinates {x^, g") on Q with transition functions q"^ — p^q'', let {c"} be the corresponding 
fiber bases for Q* — X, together with transition functions c'" = p^c^. Then {x^, c") is called 
the local basis for the graded manifold {X, 21q) . With respect to this basis, graded functions 
read 

fe=0 

where fax-au ^-^e local smooth real functions on X. 

Given a graded manifold (X, Stg), let '(iAq be the ^g-module of Z2-graded derivations 
of the Z2-graded ring of Aq., i.e., 

«(//') = «(/)/' + (-l)f""^V«(/'),« e o^Q, /,/' e Aq, 

where [.] denotes the Grassmann parity. Its elements are called Z2-graded (or, simply, 
graded) vector fields on (X, 21q). Due to the canonical splitting VQ = Q x the vertical 
tangent bundle VQ Q olQ ^ X can be provided with the fiber bases {dg} which is the 
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dual of {c"-}. Then a graded vector field takes the local form u = u^dx + u'^da, where u^, u"' 
are local graded functions. It acts on Aq by the rule 

u{fa...bC'' • • • C^) = U'^dxifa-by • • • + U^fa^M {c^ ■ ■ ■ C^) . (22) 

This rule implies the corresponding transformation law 

Then one can show [7, 8] that graded vector fields on a simple graded manifold can be 
represented by sections of the vector bundle Vq ^ X which is locally isomorphic to the 
vector bundle AQ* {Q ®x TX). 

Using this fact, we can introduce graded exterior forms on the graded manifold (X, 
as sections of the exterior bundle A Vq, where Vq — > X is the A(5*-dual of Vq. Relative to 
the dual local bases {dx^} for T*X and {dc^} for Q* , graded one- forms read 

= 4>xdx^ + 4>jc\ 4>'a = P~'%, 4>'x = + p-''Mp'^)(t>,(^ . 

The duality morphism is given by the interior product 

Graded exterior forms constitute the bigraded differential algebra (henceforth BGDA) Cq 
with respect to the bigraded exterior product A and the exterior differential d. The standard 
formulae of a BGDA hold. 

Since the jet bundle J^Q — X of a vector bundle Q — X is a vector bundle, let us 
consider the simple graded manifold (X, Stjrg) constructed from J^Q X. Its local basis 
is {x'^, c%} , < \A\ < r , together with the transition functions 

c'aV = dxip^j,), dx^dx+i: cl^j^dt (23) 

|A|<r- 

where are the duals of c%. Let C}rQ be the BGDA of graded exterior forms on the 
graded manifold (X, Sljr^). A hnear bundle morphism 7r^_]^ : J^Q — > J^~^Q yields the 
corresponding monomorphism of BGDAs Cjr-iQ — > C*jrQ. Hence, there is the direct system 
of BGDAs 

1* * 

Q ^ ■ ■ ■ ^ ^rq ^ ■ ■ ■ ■ \^^) 

Its direct limit C^Q consists of graded exterior forms on graded manifolds (X, Sljr-g), r e 
N, modulo the pull-back identification, and it inherits the BGDA operations intertwined 
by the monomorphisms 7r^_i*. It is a C°°(X)-algebra locally generated by the elements 
(1, c% dx^, 91 = del - Cx+Adx^), < |A|. 



6 



In order to regard even and odd dynamic variables on the same footing, let F ^ X be 
hereafter an affine bundle, and let V^Y C 0*^Y be the C°°(X)-subalgebra of exterior forms 
whose coefficients are polynomial in the fiber coordinates y\ on jet bundles J'^Y — > X. Let 
us consider the product 

S*^ = CQ A 'PlY (25) 

of graded algebras C^^Q and Vl^Y over their common graded subalgebra 0*X of exterior 
forms on X [5] . It consists of the elements 

Y.'Pi®(t>i. Y.(t>i®^h i^^c*^Q, (t>^vi,Y, 

i i 

modulo the commutation relations 

= V'eCQ, (26) 

(V' A(7)(8)0 = V® (<7A0), aeO*X. 

They are endowed with the total form degree + |0| and the total Grassmann parity 
Their multiplication 

(V' ® 0) A (ip' ® 0') := (-l)l^'ll^l(V' A ® (0 A 0')- (27) 

obeys the relation 

<pAip'^ (-1)M\'^'\+Mi^y A <p, if, if' e 5^, 

and makes S'^ (25) into a bigraded C°^(X)-algebra. For instance, elements of the ring 
are polynomials of c\ and y\ with coefficients in C°°{X). 
The algebra is provided with the exterior differential 

d{,p®(t>):^{dc^)®(t>+{-l)\'^\^P®{dv(t>). V'eC, '/-e^^, (28) 

where dc and d-p are exterior differentials on the differential algebras C^Q and , 
respectively. It obeys the relations 

d{^ A Lp') = dipA(p' + (-1)''^'<^ A dip', if, if' e S^, 

and makes into a BGDA, which is locally generated by the elements 

(1, cl, yl dx\ 91 = del - cUAdx\ 9^ = dy\ - y\^^dx^), < |A|. 

Hereafter, let the collective symbols and 9^ stand both for even and odd generating 

elements c\, y\, 9\, 9\ of the C°°(X)-algcbra 5^ which, thus, is locally generated by 
(1, s^, dx^, 9^), |A| > 0. We agree to call elements of the graded exterior forms on X. 
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Similarly to O^^Y, the BGDA is decomposed into iS^-modules of A;-contact and 
r-horizontal graded forms together with the corresponding projections hk and h"^. Accord- 
ingly, the exterior differential d (28) on is split into the sum d — dn + dy oi the total 
and vertical differentials 

dH{(l>) = dx^ A dx{(l>), dv{(t>) = A d\(t>, (t> e SI,. 

One can think of the elements 

L^Cue Sl\ 5{L) = Y: (-1)'^'^^ A d^id^L) e 

|A|>0 

as being a graded Lagrangian and its Euler-Lagrange operator, respectively. 
4 BRST symmetry 

A graded derivation G of the M-ring is said to be contact if the Lie derivative 
preserves the ideal of contact graded forms of the BGDA S^. With respect to the local 
basis {x^, s^, dx^, Of) for the BGDA 5^, any contact graded derivation takes the form 

^^^^^^^^^^dx+ {-d^dA + E dAi^^d^) , (29) 

|A|>0 

where ■j?^, are local graded functions [5]. The interior product ■j?]^ and the Lie derivative 
L^0, (f) e S^, are defined by the same formulae 

^J(0Aa) = (^?J0) Aa + (-l)l^l+[<^l[^l0A(^?Ja), (l>,aeS*^ 

= ^\d(j) + d{^\(j)), L^(0 A a) = L^(0) Aa+ (-l)!''"'^!^ A L^a). 

as those on a graded manifold. One can justify that any vertical contact graded derivation 
-& (29) satisfies the relations 

i^\dH(l) = -dH{^\(j>), L4dH(l)) = dH(L^(l)), (30) 

Proposition 2. The Lie derivative L^L of a Lagrangian L along a contact graded derivation 
■J? (29) fulfills the first variational formula 

L^L = i»v\SL + dnihoi^jEL)) + dv{^H}u;)C, (31) 

where = E + L is a Lepagean equivalent of a graded Lagrangian L [5] . 
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A contact graded derivation i) is said to be variational if the Lie derivative (31) is dn- 
exact. A glance at the expression (31) shows that: (i) A contact graded derivation {} is 
variational only if it is projected onto X, and (ii) '& is variational iff its vertical part is 
well. Therefore, we restrict our consideration to vertical contact graded derivations 

^ = E dAV^di (32) 

0<|A| 

Such a derivation is completely defined by its first summand 

v = v^{x^,si)dA, 0<|A|<A;, (33) 

which is also a graded derivation of 5^. It is called the generalized graded vector field. 
A glance at the first variational formula (31) shows that (32) is variational iff v\SL is 
(in-exact. 

A vertical contact graded derivation (32) is said to be nilpotent if 

KM)^ E {vid^{vM + {-iy'"^^''"^vEvid^di)<l>^0 (34) 

|S|>0,|A|>0 

for any horizontal graded form e S^* or, equivalently, o — for any graded 

function / G S^. One can show that is nilpotent only if it is odd and iff the equality 

^{v^)= E vEd^{v^)=0 (35) 

|S|>0 

holds for all [5]. 

Return now to the original gauge system on a fiber bundle Y with a Lagrangian L (10) 
and a gauge symmetry v (3). For the sake of simplicity, Y ^ X is assumed to be affine. Let 
us consider the BGDA = C^^V A V^Y locally generated by (1, c^, dx^, y\, 91, 9\). Let 
L e O'^Y be a polynomial in < |L|. Then it is a graded Lagrangian L e V^Y C 
in (S^. Its gauge symmetry v (3) gives rise to the generalized vector field Ve = v on E, and 
the latter defines the generalized graded vector field v (33) by the formula (5). It is easily 
justified that the contact graded derivation i9 (32) generated by v (5) is variational for L. It 
is odd, but need not be nilpotent. However, one can try to find a nilpotent contact graded 
derivation (32) generated by some generalized graded vector field (6) which coincides with 
1? on V^Y. We agree to call it the BRST operator. 

In this case, the nilpotency conditions (35) read 

E MT. E dfi^'^YK + E d^iu^H'- = 0, (36) 

E H A A 

E(E dK^v^cDdt + dt,{u')d^)u'' = (37) 

A S 
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for all indices j and q. They are equations for graded functions G S^. Since these 
functions are polynomials 



= ^^^0) + E ^l^A + E ^l^p'^A'Al + ■ ■■ (38) 

r Ti.ra 
in c^, the equations (36) - (37) take the form 

E rfE(E E 5?(^f'^)ci + E M^hH'' = o, (39) 

S S A A 

Ec?a(«[,^2))^^'^ = 0, (40) 

A 

EE^A(^;fcgaf4_,)+ E c^A(«[H)a.X) = 0. (41) 

A S m+n— l=fc 

If the equations (39) - (41) have a solution, i.e., the (nilpotent) BRST operator exists, 
one can think of the equalities (39) and (41) (and, consequently, the nilpotcncy conditions 
(36) - (37)) as being the generalized commutation relations and generalized Jacobi identities 
of gauge transformations, respectively. 

Indeed, the relation (39) for components takes the form of the familiar Lie bracket 

s 

where — 2-uJ^2)pg generalized structure constants depending on dynamic variables and 
their jets in general. For instance, let us assume that all vl are linear in y\. Then M(2)pq 
are independent of these variables. Let '"(^^2) ~ 0- ^^^^ case, the relation (41) reduces 
to the familiar Jacobi identity 

'^{2)pq'^(2)rs + '^{2)qs'^{2)rp + '"(2)sp'"(2)r? = 

Let us note that any Lagrangian L have gauge symmetries. In particular, there always 
exist trivial gauge symmetries 

A 

vanishing on-shell. In a general setting, one therefore can require that the nilpotency 
conditions (36) - (37) hold on-shell, i.e., gauge transformations form an algebra on-shell. 



5 Example 

Let us consider the gauge theory of principal connections on a principal bundle P ^ X 
with a structure Lie group G. These connections are represented by sections of the quotient 

C = J^P/G X. (42) 
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This is an affine bundle coordinated by {x^, a^) such that, given a section A of C ^ X, its 
components A\ = a\o A are coefficients of the famihar local connection form (i.e., gauge 
potentials). Let J°°C be the infinite order jet manifold of C — > X coordinated by {x^, «aa)' 
< |A|. We consider the GDA 0*^C. 

Infinitesimal generators of one-parameter groups of automorphisms of a principal bundle 
P are G-invariant projectable vector fields on P — > X. They are associated to sections of 
the vector bundle TqP = TP/G X. This bundle is provided with the coordinates 
{x^,x^,C,^) with respect to the fibre bases {(9a, e,.} for TqP, where {e^} is the basis for the 
right Lie algebra g of G such that [cp, eg] = Cp^er. If 

u — u^dx + u^tr, V — v^d\ + v^tr, (43) 

are sections of TqP X, their bracket reads 

[m, v] = {u^dy - v^d^u^)dx + {u^dxv' - v^dxu' + clgvFv'')er. (44) 

Any section u of the vector bundle TqP ^ X yields the vector field 

uc = u^dx + {dp^alu^ + dxu^ - a;5,«^')5' (45) 

on the bundle of principal connections C (42). It is an infinitesimal generator of a one- 
parameter group of automorphisms of C [7] . Let us consider the bundle product 

£; = C X TgP, (46) 

X 

coordinated by {x^^ — x^, a\). It can be provided with the generalized vector field 

VE = v = {cl^alC' + a^T^ - T^al^)d^. (47) 

Following the procedure in Sections 3 - 4, we replace parameters ^'^ and with the 
odd ghosts and c^, respectively, and obtain the generalized graded vector field 

V = KA^' + - alc'i - c^a^M + i—Vd^ - c'cl)dr + c^dx (48) 

such that the vertical contact graded derivations (32) generated by v (48) is nilpotent, i.e., 
it is a BRST operator. 
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